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We study generalized symmetry transformations which involve nonassociative
and noncommutative parameters. The structure underlying the group gradings is
determined and examples are given. Graded algebras beyond Grassmann algebras
are also presented. Nontrivial examples relevant for graded extensions beyond
supersymmetry are given which resemble several features of quarks and might
lead to a connection between the external and internal symmetries of the
phenomenological models. Lie groups of transformations involving nonas-
sociative and noncommutative parameters are obtained together with their
corresponding graded Lie algebraic structures.

1. INTRODUCTION

The aim of this paper is to provide a structure that allows us to extend
the concept of continuous symmetries.

The no-go theorems of Coleman and Mandula (1967) and of Haag et
al. (1975) have established the more general symmetry of the S-matrix in a
quantum field theory model using respectively a group and a supergroup
structure. The grading structure underlying the Poincaré algebra and its possi-
ble graded extensions have been determined in Wills-Toro (1995). These
results open the possibility of gradings beyond supersymmetry whose parame-
ters obey generalized commutation relations (g-commutativity) and are asso-
ciative (Wills-Toro, 1994a, b). There, the each-other commuting space-time
parameters can have unexpected generalized commutation relations with
further generalized Grassmann parameters. This novel nontrivial behavior of
the space-time parameters was not envisaged when studying the most general
form of the quantization relations between quantum fields (Klein, 1938;
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2964 Wills-Toro

Liiders, 1958; Kinoshita, 1958) and the corresponding connection between
spin and statistics (Pauli, 1940; Araki 1961). The so-called Klein transforma-
tions (Klein, 1938; Araki, 1961) and further equivalences among graded Lie
algebras should be further developed (Rittenberg and Wyler, 1978; Scheunert,
1979, 1983a, b), in order to determine to which extent such extensions are
truly inequivalent to the supersymmetric ones.

The novel gradings open an unexpected possibility that we introduce in
this paper: Symmetry transformations whose parameters are noncommutative
and nonassociative. We will show that this possibility is actually not present
for supergradings. We also show that these structures can be consistently
realized for parameter algebras using the gradings suitable for extending the
Poincaré algebra. These graded parameters resemble several features of the
quark phenomenology and provides an alternative line of development to
previous studies relating para-statistic and global gauge groups (Ohnuki and
Kamefuchi, 1968, 1969, Driihl et al., 1970). In the graded Lie algebraic
counterpart, the novel extensions might offer further layers of generators that
can produce, for instance, susy generators through the iterated Lie products
of three generators, in analogous fashion as we produce translations through
the Lie product of two susy generators.

2. SYMMETRY GROUPS AND GENERATOR ALGEBRAS

The most fundamental description of nature seems to be related to the
characterization of its building blocks in terms of its (exact, approximated,
broken, global, local, internal, and external) symmetries. The mathematical
structure underlying the set and composition of symmetry transformations is
the concept of group of transformations. Regarding the countability of its
elements, we recognize two main classes: the discrete and continuous group
of transformations. Every continuous group of transformations turns out to
be isomorphic to the product of a discrete and a Lie group. The Lie group
is the connected component which contains the identity transformation. Every
element g, of the Lie group can be realized as the exponential of a linear

combination of linearly independent generators G,, Jj= , N, through
commutative parameters (numbers) o/; j = 1, , N:

8 = g(a, ..., oY) = exp{ia/G;} 2.D

The generators build a Lie algebra i = gen{G, ..., Gy} with a Lie

product [-,-] fulfilling for every X, Y, Z € A: closure [X, Y] € A, linearity
X+ Y Z} = [X, Z] + |Y, Z], antisymmetry [X, Y] = —[Y, X1, and Jacobi
associativity (derivative rule) [X, [¥, Z]] = [[X, Y], Z] + (Y, [X, Z]].
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Supergroups offered a further extension of the concept of symmetry

transformations in which Grassmann or fermionic parameters 0, . . ., 6* are
introduced besides the commutative or bosonic parameters o, . . ., a™:
8ap = explia/G; + i0PQg} (2.2)

The generators Qg possess fermionic character and the monomials OBQB
(no summation) and o/G; (no summation) span a Lie algebra. Accordingly,
the parameter 6P “compensates” the fermionic character of Qg. We are looking
for symmetry transformations of the form

gs = exp{iBL0Y (2.3)

which involve parameters B with generalized commutative and associative
behavior, and generators Q¢ which constitute a generalized Lie algebraic
structure. The monomials BY; Q% (no summation) span a Lie algebra.

In theoretical physics, several unwritten conventions fix the behavior
of the parameters involved. For instance, the addition of a fermionic with a
bosonic parameter is not allowed. This rule is motivated by the spin—statistics
theorem and covariance requirements (integer-spin representations are used
for bosonic operators—or fields—and half-odd representations are used for
fermionic operators). The addition of a fermionic with a bosonic parameter
or operator would lead to noncovariant expressions. We will consider now
structures in which the addition is restricted to objects with identical commuta-
tive and associative behavior since such a constraint seems to be well moti-
vated in models for mathematical physics. This constraint corresponds to the
adoption of some superselection rules from the very start, but this leads to
wider structures for the sets of parameters and generator algebras, although
it might appear paradoxical.

3. I-GRADED, ¢g-COMMUTATIVE, AND r-ASSOCIATIVE
PARAMETERS

We will address now a generalization of the concept of number fields
in which the elements are called parameters. The generalization of the real
field that leads to the complex, quaternion, octonion, and Cayley numbers
abandons sequentially the linear order field, then commutativity, then associa-
tivity, and then the division-ring property. This construction maintains the
addition between any two numbers. This line of generalization disregards
the mentioned fact: In several applications, the addition can be meaningfully
restricted to objects with analogous commutative and associative behavior.
We will consider a particular generalization of the concept of Grassmann
parameters in which each parameters has a tilded index that determines its
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behavior under addition, product, permutation of factors, and alteration of
parenthesis. Each parameter, say [, has associated one tilded index, say a.
In order to recognize immediately the index associated to the parameter @,
we can write explicitly B, In several physical applications the usage of
certain letters or alphabet is reserved to certain parameters, but this procedure
is rather unsustainable once there are more than three types of parameters.

We consider parameters B;, B7, B% . . . whose products are I-graded, g-
commutative, and r-associative:

(B:B7) hasindex a+ ¢ 3.1

(BaB2) =  9a44BiB2),  where g5, € K\{O} 3.2

BAB:B)) = 13,5 {(BaB2)B2) where 1. € K\M0} (3.3)

The set K is a given numeric field (R, C, ...) and + is an internal
operation in the set of indices I. We shall avoid the outermost parenthesis in
a parameter monomial.

There are, of course, wider generalizations in which, for instance, the
interchange of the position of factors or the alteration of parenthesis introduces
a linear combination of products of parameters. Such cases are beyond the
scope of this study. We determine now which could be the properties of the
parameters, of the index set I, of the numerical field K, and of the g- and r-
factors that might lead to a nontrivial realization of the set of parameters.
We assume first that the elements of K\{0} do not contribute to the tilded
index of a monomial, i.e.,

(¥B; has tilded index &) for all y e K\{0} G4

Accordingly, we can consider that every element of K\{0} carries an
additive neutral index 6 € I

(y has index d) forall y e K\{0} (3.5)
@+6=06+a=a forall dael (3.6)

Since the numerical factors in K\{0} do not contribute to the g- and r-
factors, we adopt

Qa6 = qs5a= 1) forall del 3.7
(rae6 = Yage = Yoae = 1) forall 4,éel 3.8)
(1Bs = Bal = Ba) (3.9

From the properties (3.1) and (3.2) we conclude that (B,8;) =
q4/P:Bs) has index 6 + (¢ + @) = (¢ + a). Hence, d + & and é + G are
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identical. Analogously, from property (3.3) it follows that the addition of the
indices is associative. So we can write

@a+é=é¢+a forall a4,z el (3.10)

@+@E+o)=@+e+0o forall 4,¢,¢el 3.11)

In order to obtain compounds parameter-by-generator of the form B_,0,

which produce trivial g- and r-factors (since they constitute a Lie algebra),
we require the existence of additive inverses in I:

forall dael I~adel (@+ —d=24) (3.12)

From the properties (3.1), (3.6), (3.10), (3.11), and (3.12) we conclude
that the set I with its addition operation + builds an abelian group structure.
From the properties (3.2) and (3.3) we conclude that the left and right
multiplicative inverses of the ¢- and r-factors are identical. We can there-
fore assume

K is a commutative field 3.13)
From the reiterated usage of the property (3.2), we conclude
(gza = (ga.2) "' or BB: = 0) forall d,éel 3.14)
From the property (3.2) we conclude as well

(gaa=1orBf;=0) forall ael (3.15)

The latter result is the cornerstone of the definition of Grassmann parame-
ters. Instead of requiring g,; = 1, will be considered the existence of nilpo-
tent parameters.

At the level of cubic monomials of parameters, we obtain different
equations, depending on the way we use the r-associativity and g¢-
commutativity:

Bd(BéBg) = qd,a+e(BéBIé)Bd (3.16)
BAB:B2) = . a,¢,c9a,e E_,tli,fqd,c’r ¢, #(BzB2)Ba @a3.17
BAB:B2 = ra,e,a‘la+é,aqa,ére,é,aCIe,z(BéBg)Ba (3.18)

These equations provide a consistency requirement for cubic monomials:

— —1 —
(Ga,e+e = raee9aeraac9acleca = Taecqave.cqaels zade,e

or B:(B:Bz) = 0) forall 4,é,¢ el (3.19)
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The r-associativity in quartic monomials leads to a further set of
equations:

(BaBé)(BZ i) = rd+é‘,6,ﬂ((BdBé)BIEI)B$’ (3.20)

(BaB)(BBZ) = 1 1;,15,6+11r 2e.ala,ereala,e(BaB2BBY (3.21)
These equations provide a consistency condition for quartic monomials:

(ritecarasevilaeredecaase = 1
or (BsB»PB:BY) = 0) forall a4,é,é& el (3.22)

A further condition for quartic monomials can be obtained from the
equations

B-madBmz) =r —e&,—a,al’ :é—a. d,E(B,-éB —ﬁ)("’la_’ﬂé)
= (B MDB-Md) = T-a,-ze'"3-2209-a,-¢424B-B-dams)  (3.23)
These equations provide a consistency condition for quartic monomials:
(r2b—aar~e-aael—a, e ~b-c.6.09-a,-e9e.a = 1
or B_Mm)BLma) =0) forall g, éel (3.24)
We obtain, finally, some equations for monomials of order six:
(B-ama)((B-m)(B-M2)
=1 g s bcal o -aa—4-e-ca,e+ A(BLBLIB-DMdMiMP)
(B-MaDB-m)) Bz
=T g adTi-aadl o ~e-aeral ~g-e-c,ev 8,0 o ~¢, ~ala b
X ((BBIB-2Ma(meme))
= (BLM)((B-m(BZM?)
= re gl t-a,a,l—c—a,—& el —d-e-t,8,a+cT b, —a,—el—c, —e,—ale,a,cl a0,
X q-q, —é‘Ié,d((B"—c'B’—e)B-a)('ﬂa('ﬂé'ﬂg)) (3.25)
These equations provide the consistency requirement

i

-1 -1
(r e -ee-s-cecl—i-c,-a,aM—s~c—aa,e+el ~2,—a,a
~1 ~1 -1
X rlz_gael-¢-e-az+al—i~e—a,a+ec —c,—e,-alae,c
— -1 -1
= Iz -eé-e-c6,d-e-¢,—a,a -e~c—a,a,e+¢
-1
X rog -aal—-a—¢,a,-a—c -2
X rZ} ro) r T g =1
-a—¢-é e a+et—¢ —a,—-él'-¢,—e,~ale,a,cla ¢,69~a,~e9ze,a

or (B-ma((B-M(PB-mz) = 0) forall 4,¢,¢el (3.26)
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We observe that for each monomial order there exists a set of independent
constraints whose classification is very involved. Furthermore, the determina-
tion of the independent constraints up to a given monomial order is a highly
nontrivial question (Groebner basis problem).

Finally, we construct a graded Lie algebraic structure such that the
compounds B_,0, span a Lie algebra. We require thus closure, linearity,
antisymmetry, and Jacobi associativity among them. We assume first a com-
mutator of the form

[(B-aQa): (BL22)] = (B-1Q)(B-22) — (BLL2(B-aCs) (3.27)

In order to obtain a closed structured among the generators Q;, @7, . . .,
we will find that it is sufficient to impose the conditions on the g- and r-
factors stated in the requirements (3.24) and (3.26).

The resulting algebraic structure L built up by the generators Q, Q’, . ..
is called an (I; g, r)-graded Lie algebra over K. The addition in L is only
defined between elements with identical index, and the product [, -] in L
fulfills for all X,, Y,, Z;, X; € L: Closure and I-grading: 3 Us.; € L ([X,,
Y, = U,+.); Linearity: [X;, + Xz, Yo = [X,, Ya] + [X3, Y., 1; g-antisymmetry:
[Xs Y] = —qa:0Ys Xal; (g r)-Jacobi associativity:

Xz, 1Yo, ZAl = raee Xz Y1, Zoll + raocqaersadYe [Xa Z:01

We observe that in consonance with our comments in Section 1, the
addition in L is only defined among elements carrying identical tilded indices.

There is a further set of requirements (to be explained below) in order
to complete sufficient conditions to demonstrate consistency of the monomial
of parameters to all orders: there should exist an application R such that (for
appropriate and fixed choices of the phases in the roots):

“a _ ajp
9447 Rae:= 9a:9:5 Rea (3.28)

e P _ P -
Qa,7+Ras+e9e8 Ree = raeeqaé RaeqatseRavee (3.29)

We consider finally the basic requirements for the existence of an involu-
tion operation for the parameters. This allows for the definition of unitary
group transformations of the form (2.3). The involution plays a central role
for supersymmetric extensions since it leads to the existence of an energy
ground state. The involution operation (-) for parameters fulfills

B =B* B> =B (3.30)
(kBB = k*(BY) (Bo) = k*BrBa* (3.31)
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Hence, there should exist involutions (-)* and (-)* in I and X, respec-
tively, such that

(@* = a*, (@* = a) forall ael (3.32)
(()* = k*, (k®)* = k) forall ke K (3.33)

The consistency between the involutions (+), (-)* and (-)*, and the g-commuta-
tivity and r-associativity leads to the requirements

(whether g, ;*x = (¢, or B,B; = 0) Va,é el (3.34)
(whether rax % % = (rf,7  or BuB:B?) =0) Va, e cel (3.35)

4. ABELIAN GROUP GRADINGS OVER A COMMUTATIVE
FIELD

We have discussed in the previous section a series of requirements that
lead to generalized structures that might enhance the concept of symmetry.
Several requirements refer to constraints to the g- and r-factors or to the
product of parameters itself. Our aim is to arrive at a generalization of the
concept of group grading and Grassmann parameters. Thus, we will allow
for indices such that g,, # 1 as long as their parameters are nilpotent: 8,8, =
0. We do not want any further reference to particular properties of the
parameters, so we will constrain the further requirements only to the g-
and r-factors. We determine some structures which will provide sufficient
conditions for having gradings with respect to abelian groups.

Definition. We call (I; q, r) a group grading over X of order N, with
N = 3, iff K is a commutative field, {I; +} is an abelian group, & the neutral
element of I; and ¢ and r are applications

g IXI->K\{0}; (4,8~ q(@ &) =:qqa. 4.1
r: IXIXI——)K\{O} N (da é’E) ind r(d9 é,é)=: ra',e',f (4'2)

fulfilling the following requirements for all 4, &, ¢ in I:

9zaqa: = 1 4.3)
Gas =1 4.4
Tazs = Yaoe = Vsae = 1 4.5)

and the ¢- and r-coefficients fulfill all the consistency requirements obtained
for parameter monomials up to order N, with the only exception of the



Symmetry Transformations 2971

consistency requirement (3.15), which will be fulfilled by requiring g,, #
1 = BB, = 0.

Accordingly, the group gradings of order N = 3 will fulfill the require-
ments on g and r in (3.19):

-1,-1 _ -1
qa.e+c9ae9a.c = Yaeelea,dleca 4.6)
-1,-1,-1  _
ae+e9a,69¢29avec = Vaedleea 4.7

The group gradings of order N = 4 will additionally fulfill the requirements
for the g- and r-factors given in (3.22) and (3.24), among others. The group
gradings of order N = 6 will additionally fulfill the requirements for the g-
and r-factors given in (3.26), among others.

The group grading of order N assures the consistency requirements for
monomials up to order N. In order to provide a structure that allows for the
definition of (I; g, r)-graded Lie algebras, we have already indicated that
consistency requirements for monomials of order 6 have to be fulfilled. The
aim is now the definition of a structure that provides consistency to the
parameter monomials of arbitrary order:

Definition. We call (I; g, r) an interactive group grading over K iff K
is a commutative field. {K; +} is an abelian group, J the additive neutral
element of I; and there is an application R such that the g, r, and R applications

q: I XI-K\{0}; @ e~ q@é =:qa,. 4.8)
rr I XIXI—K\{0}; @,6,6) »r@éc)=ry,. (49
R: I X1I-K\{0); @& ~ R@, & =:R;,; (4.10)

fulfill the following requirements for all 4, & ¢ in I (and for adequate and
fixed choices of the phases in the roots):

9eadae =1 4.11)

9as =1 (4.12)

Taes = Yase = Toage = 1 “4.13)
9a7 Raz = G2aq:7 ”Ré',d 4.14)

92 R e+092% Ree = 7220947 Rao9al%eRavec (4.15)

We will show that the latter are exactly the requirements for having
consistency for parameter monomials of arbitrary order (i.e., when N — ),
as well as sufficient requirements for a closed graded Lie algebraic structure.
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We introduce some useful adjectives for the defined group gradings over
K for which particular properties are required:

Definition. A group grading (I; g, r) over K is called:
* faithful iff
foralla,éel, a#é 3¢, iel (qae+ qscor
Taca ¥ To,6a0f Togq F Yeaa O Toga F Yoge) 4.16)
« separated iff the g-application fulfills
forall d4,¢,¢e€l (gaorc= Gaeqac) “4.17)
» associative iff the r-application is constant:
forall a,é,cel (rzz:=1) (4.18)
* commutative iff the g-application is constant:
foral d,éel (g;,=1) (4.19)

* trivial iff it is commutative and associative
 with involution iff there exist involutions (-)* and (-)* in I and K,
respectively, such that for all ¢ €, ¢ in I
g** = (g f{e")—l (4.20)

Tk X g% = (r:{é,c')_l (4.21)
e extending group grading over K of (I'; ¢', r') iff I'; ¢’, r') is a
trivial group grading over K, (I; g, r) is a faithful iterative group
grading over K, and

I'cl, q' = qlrxr, r' = rlpxrxr 4.22)

Observe that every associative and every commutative group grading
is separated. The separated group gradings of order N = 3 fulfill [see (4.3),
4.4), (4.6), 4.7), and (4.17)]

Qae=9q-%e=qs e =q-a-o foral a,éel (423)
(faec=rzly) forall 4,6 c¢el (4.24)
(rgecdeaedsca = 1) forall 4,é,¢el (4.25)

Hence, the interchange of the first and last arguments in the r-factors of
separated group gradings provides the multiplicative inverse, and the product
of the r-factors with cycled permuted arguments gives the identity.
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Table I.  Z,-Group.

(+)%= 0 1
0 0 1
1 i 0

We will define now particular group gradings over C. The most elemen-
tary group grading beyond the trivial group grading is the group grading of
the Grassmann algebras:

Definition. We call (Z,; q72 r%2) a supergrading or a Grassmann grad-
ing over C (or R) iff

{Zy; +}; Z, = {0, 1} (4.26)

+: L XZy—>7Zy (a,e,) - (a, +e,)mod2 (4.27)

q%: 7, X Z, > C; (a, e,) =~ exp{ima,e,} (4.28)

r?2 I, X Z, X Z, > C; (a, e, c,) — 1 (4.29)

The addition and the ¢Z2 applications can be expressed through Tables
I and IT (where the first argument is read from the first.column and the second
from the first line as usual).

We observe from the Table II that ¢g?2 is a symmetric application. It is
simple to verify that (Z,; ¢ 22, r%2) is a separated, associative, faithful, iterative
group grading over C (or R).

Proposition 0. There are no non-associative group gradings for the Z,
group (4.26)—(4.27) and the g-application (4.28).

Proaf. 0 is the neutral element of Z,. S0 754, = 7355 = 1356 = 1 for
all 4, € Z,. Hence, the only possible nontrivial r-factor would be ry ;.
Now, the property (4.17) holds for the g-factors in (4.28), so (4.24) and (4.25)
hold as well. Hence ry;;, = ril, and ry,r;;,r1,1; = 1. The only possible
solutionisr;;; = 1. m

The associative group gradings involving symmetric g-applications g,
= gza = q;5 imply qzz = 1 or q;; = —1. The commutation relations of

Table I.  g®-factors

g 0 1
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quantum fields using such group gradings are shown to be equivalent to
supergradings (called “normal commutation relations”) or replications of
them by using the so-called Klein transformations (Klein, 1938; Araki, 1961).
This exploits the existence of superselection rules.

In order to have more chance to arrive at structures which can be
“essentially unequivalent” to supergradings, we ask for nonsymmetric g-
applications. We recall first some identities of R3-geometry. Let
o, A, E, C € R® and let “” and “X” be the standard scalar and vector
products of R3-vectors respectively. Then

a {AXE})=—-a-[E XA} (4.30)
- AXE+O)=a - [AXE}+a-{AXT}) @3

We observe that a g-application of the form
amE = explo - (A X E}) (4.32)

with o or i ia a fixed vector m R3, will fulfill the requirements (4.3) and
4. 17) if [A + Tf] [A] + [e] The requirement (4.4) is fulfilled adopting

o= [0]
We can add to this construction three different models for the r-factors:
i),
rime = 1 (4.33)

The choice (4.32) and (4.33) fulfills the equations (4.11)-(4.13), (4.17), and
fulfills (4.14)—(4.15) for R, := 1.
~ A further and less trivial choice of r-application is given by:

A — 2 7 - -
r@®z g =explp - (E X @A X O} (4.34)

with;)) or if; afixed vector in R3. The choice (4.32) and (4.34) fulfills the equa-
tions (4.11)—(4.13), (4.17), and fulfills (4.14)«4.15) for Ry := (rgs—a"".
A further choice of r-application is given by

rQ s = explk@ X ©) - (& + C) X E}} 4.35)
with k or ik a fixed element of R. The choice (4.32) and (4.35) fulfills
the equations (4.11)-(4.13), (4.17), and fulfills (4.14)—(4.15) for R, :=
(rac- 5’5)1/4.

These observations lead to the following structure:

Definition. We call (G, g€, r©) an axial grading over C of null, cubic,
or guartic type iff:

* {G; +} abelian group.
* The elements of G are equlvalence classes [A] [l_f] . of vectors
in R?, where [A] + [E] [A + E]. G has neutral element 6 = [0].
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* The application g€ takes the form (4.32), with @ or i a fixed vector
in R3.

* The application r€ takes for the null, cubic, and quartic type, respec-
tively, the form (4.33), the form (4.34) (with p or ip a fixed vector
in R?), and the form . 35) (with k or ik a fixed number in R).

¢ The applications ¢ € and r€ are well defined, i.e., they are independent
of the choice of class representatlves X E , ..., from the classes
[41, [E], [C), . ., respectively, in the definitions of g€ and r€.

It is easy to verlfy that every axial grading over C is a separated iterative
group grading over C.
We can combine group gradings over a field K by the following recipe.

Definition. We call (I X 1'; g™¥, r™) a direct product group grading

over K iff (I, g%, rY) and (I'; ¢V, r") are both group gradings over K, and
the applications g™ and r™* are given by

qGmnee) = dhede.e (4.36)
ragyeexes) = Tieels.e.c (4.37)

Definition. The direct products between a supergrading and axial grad-
ings over C are group gradings over C called single gradings over C.

Proposition 1. Every super, axial, and single grading over C is a separated
iterative group grading. This can be easily proved verifying all the properties
of separated iterative group gradings.

We finish this section by determining some remarkable subsets of the
grading group I of a group grading (I; g, r) over C. According to the so-
called “small Fermat theorem,” in every finite group {I; +} of order N(I)
and neutral element 6 we have 4 + ... + @ (summation N(I) times) = §
for all ¢ in I. It is meaningful to consider the following subsets of the abelian
group I (either finite or not):

I =1gela+ad=o} v (4.38)
I = {Ggela+ - + d(ntimes) = 6}, neN (439

It is easy to verify

{10/, +} abelian subgroup of {I; +} (4.40)

Since g5, = q 74, then either g5, = 1 or g;, = —1. We can thus divide
1Y into the two disjoint subsets I*12 and 1-1/2);

(W ={dgelda+da=6 and g;,= *1)} (4.41)

I(1l2) — I(+l/2) U I(—1/2)’ I(+U2) N I(—1/2) =6 (442)
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In the case in which (I; g, r) is a separated group grading we can easily
see that (4.17) implies

{I¢+12); 4} abelian group when (I; g, r) separated (4.43)

For (I; g, r) separated we observe also that @ € 12 implies @ = ~a
and thus for all # € I (g5, = g4;). Hence,

@elandé e l=>q,, € {+1,—1}) forall (I;gq,r) separated
(4.44)

We consider now the following subset of I*'/2:

I+ = (G & 1*1: Ve, ¢ &€ I4(gy, = 1 and 1z = 1))
(4.45)

The set I+ fulfills
{IC+*12); +} abelian subgroup of {I; +} for (I; g, r) separated  (4.46)
A FUD; gly++122, rly++123) trivial group grading over K (4.47)

Hence, given (I; g, r) a faithful separated iterative group grading, then
it is an extending group grading of the group grading (4.47). This observation
is to be exploited for the construction of the extending group gradings for
the Lie algebras (Wills-Toro, 1995).

5. EXAMPLES OF GROUP GRADINGS OVER COR R

We list now several group gradings over C or R which are of interest
in mathematical physics.

Example 1. We introduce some definitions toward the construction of
axial gradings over C:

{Zapn X Zap; +1 A e N fixed; d=@0,0 G.D
Zap X Zgp = {(n,mi:n,m=0,1,...,4A — 1} 5.2)
(n,m) + (n', m") = ((n + n’) mod 4A, (m + m’) mod 4A) (5.3)

ZANXZAN = HUm/2A)nm'—mn')
9 (n,m)(n".m") € 5.4
ZANXZAA — HmR2AYnm' ~mn")[(n+n")ym' —n' (m+m’)}
,m) (" ey € (5.5)
r(null) - (5 6)

(n,m),(n" """y

We find the following faithful axial iterative group gradings over C:



Symmetry Transformations 2977
(Zap X Zap; @207 Zan, pZanXZan) not associative 5.7

(Zspn X Zyp; q74077an | p(nuldy associative (5.8

The axial gradings (5.7) and (5.8) are, respectively, of quartic and null type.
Using the definitions (4.38), (4.41), and (4.45), we obtain

(Zap X Zap)M = (Zyp X Zyp) 12
= {(2An, 2Am)' n,m= 0’ 1} = Z/Z X Z/z (5.9)

Accordingly, the group gradings (5.7) and (5.8) are extending group
gradings over C of the trivial group grading of Z, X Z,. Z, X Z, is precisely
a suitable grading for the Poincaré algebra, and is also the set of spacetime
discrete symmetries L/L Y, where L is the Lorentz group and L is the proper
orthochronous invariant subgroup of L.

In particular, for A = 1 we obtain the group grading for Z, X Z4 with
the addition table shown in Table III. The values of the g %4*Z4-application
are presented in Table IV.

- Example 2. From the direct product of the (Z,; g72, r22) supergrading
and the axial iterative group gradings of Example 1 we obtain the following
faithful iterative single group gradings over C:

Table IIL.  Addition Table of the Group Z, X Z,

+ o' i i AN AN e o2
©0,0=0 o' i e e oo o512
2,0) = i i 6 i i éleve & sa&8e s2 $ s° &
0,2) = i@ PBoa eSe0d F508 2 sy s°
2,2 =i PR s Sateé e 28 slsog@s
1,0)=¢° AR 2 & ' o i R adBEe

3,0)=¢' A oa' i gsogs c2 F0 ¢ &
,
1,2)=¢* E8ée08 Pt o #2850 o2
@3,2)=¢ S&e e 2 aoa 5085 2 5-3 & &0
0,1)=¢° oEe SP25 @2oa @ et
,
©,3)=¢ deed #5058 s @i Bev e
2,3)=¢ aease 08288 BB Re ;e e
en=¢& i £5s0s #a et AN
3,3)=3§° 285 F RS & edeel ? 6 @ i
1,1)=¢g F825° Bevde Fe0d o @i
,
1,3)=4# Fso0s e &0 Pa o
3 nH=45 Fss0st @& & el é i #oi
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Table IV. gZ*%.Factors

qZAXZA & i 1'4'2 a—S e & &2 é3 o & 52 3 50 § 52 #
©0,0)=9¢ 1 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1
2,0) = a' 1 1 1 1 1 1 1 1 -1-1-1-1 -1 -1-~-1-1
©,2)=a I 11 1 -1-1-1-1 1 1 1 1 -1 -1~1-1
2,2)=# 1 1 1 1 -1-1-1-1 ~-1-1-1-1 1 1 1 1
1,0)=2¢° 1 1~-1-1 I 1-1-1 i-i-i i -1 i1-i i
3,0 =¢ 1 1-1-1 1 1-1-1 -1 i i-i i-ioi-i
1,2) =& 1 1-1-1 -1-1 1 1 i—i—-i i i—-i i
3,2)=2¢ 1 1-1-1 -1-1 1 1 =i i i-i - i-i i
©,1)=¢e° 1-1 1-1 =i i-i i 1 1-1-1 i—-i-i i
©3=¢ -1 1-1 i—ioi-i 1 1-1-1 - i i
2,3) =2 1-1 1-1 i—-ioi-i -1-1 1 1 i—-i-i i
2n=a 1-1 1-1 =i i-i i -1-1 1 1 -1 i i-i
3,3)=35° 1-1-1 1 i—-1-i i -i i-i i 1 1-1-1
aQ,n1n=s 1-1-1 1 -i i i-i i—-i i-i 1 1-1-1
1,3)=¢ 1-1-1 1 i-i-ii i—-i 1-i -1-1 1 1
3 n=g I-1-1 1 -i i i-i -1 i-ii -1-1 1 1

(Zy X (Zsp X Zsp); qZ2q=n=Zan, rZ2rZanxZan) not associative
(5.10)

(Zy X (Zap X Zsp); q2q7an<Zan pZop(miy] associative (5.11)
We find as well

(Z, X (Zyp X Z4A))(++1/2) = {0} X (Zgp X Z4A)(++1/2) =7, X2,
(5.12)

Accordingly, the group gradings (5.10) and (5.11) provide extending
group gradings over C of the trivial group grading Z, X Z,. They provide
(Wills-Toro, 1995) serious candidates for the graded extensions of the Poinc-
aré algebra (special relativity) beyond supersymmetry.

6. GROUP GRADED ALGEBRAS

In the previous sections, we have articulated the group grading structures
which fulfill several conditions suitable for the definition of I-graded, g-
commutative, and r-associative parameters. Nevertheless, the requirements
explored only consistency conditions up to parameter monomials of order
six. We are not sure so far if further independent conditions shall be necessary
for the consistency of monomials of arbitrary order. We will determine suffi-
cient conditions for such consistency.
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We define graded algebras instead of plain algebras since the addition
operation is not defined for the whole algebra. The addition operation is
defined only in certain subsets.

Definition. We call {P; +, ®, -} an (I; g, r)-graded algebra over K iff
P # {0} is a set whose elements are called parameters, 0 € P, and (I; g, r)
is a group grading over K fulfilling the following three axioms:

Axiom 1. There is an application S, that assigns an element (tilded index)
of I to each element of P\{0}. The abelian group I is generated by the image
of P\{0} under S,. The set of P, of preimages for each @ € I with the null
element O constitutes a vector space over K:

S¢ PMO} > L Bs= SBa) =a 6.1)

1 is generated by S,(P\{0}), 6.2)

P, = {0} U S/ (@), del (6.3)

{Pg +, -} vector space over K, del 64
= aLEJI P, # {0} (6.5)

Axiom 2. The set P with its product “®” of parameters builds a closed
I-graded, g-commutative, and r-associative structure, i.e., for all B, Bs, Bz
e P:

e PXP—P Ba B:) — BBz € P (closure) (6.6)
P,®P, C P,,;, acel (I-grading) 6.7)

BBz = 9a,:B:Ba (g-commutativity) (6.8)

BABIBY) = ruccBBOB:  (rassociativity)  (6.9)

Axiom 3. The product operation “®” of parameters is bilinear with respect

to the operations (addition and product by a scalar of K) defined in each
vector space P;, d@ € 1, i.e., for all B Bs, Bz € P, and forally € K,

(Ba + yB2Bz = BaB: + yBiB: (6.10)
Bx(Bs + ¥B) = B:Ba + ¥B:Pz  (bilinearity) (6.11)

We could consider additionally the existence of an involution operation
in P. This leads to the further definition:

Definition. We call {P; +, ®, -} an (I; g, r)-graded algebra over K with
involution (-) iff additionally (I; g, r) is a group grading over K with involution,
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and the involutions (), ()*, (-)* in P, I, K, respectively, fulfill for all B,
B:ePandy € K

(): PoP yp - y*Ba (6.12)
(y*Ba*) = yBa (YBaBY = y*Bi*Ba* (6.13)

Definition. We call {P; +, ®, -}, respectively, an iterative, a separated,
a faithful, an associative, a commutative, a trivial, a super, an axial, a single
(; g, r)-graded algebra over K iff (I; g, r) is, respectively, an iterative, a
separated, a faithful, an associative, a commutative, a trivial, a super, an
axial, a single group grading over K.

Definition. We call {P' X P% +, ®, -} a direct product (I' X I?
q"q", r''r?)-graded algebra over K iff

@ (P +, o, 1 is an (I; q¥, r¥)-graded algebra over K, i = 1, 2.

(i) (@' X 1, ¢'q% r''rP) is the direct product group grading between
@ q", r'y and (1% q7, r?).

(iii) The operations +, ®, - in {P! X P% +, ®, -} are the naive extensions
of the operations in P! X P2

S((B#, B) = @', a) e I' X I (6.14)

(Ba, BP) + (Bl v = (Ban. B2 + vP) (6.15)
(Bat, BD) + (vat, B = (B2t + va', BP) (6.16)
(B2, BP) ® (33, 8%) = (Bydy, P7202) (6.17)
k(B3, BP) = (xBy, BR) = (B, xBR) (6.18)

Accordingly,
(B4, B) ® (3}, 8%) = g1l gl 231, ¥2) @ (B}, BR)  (6.19)

(BLy, BR) @ ((3)1, 52) ® (B)1, 62))
= rll o arf 2 2((BY, BR) ® (B, 332)) @ (8L, 62)  (6.20)

7. BASES AND MULTIPLICATION CONSTANTS FOR GROUP
GRADED ALGEBRAS

Every P, d e I, of an (I; ¢, r)-graded algebra over K is a vector space. So,
we can adopt for each P, # {0} a maximal set of linearly independent vectors:
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{e,} = (e i =1,...,dimP,}, Hamel basis of P; # {0}

7.1
According to the I-graded property (6.7), we have
dim Pg+¢
Pﬂ+? 2 €€, = kzl xi'cglﬂéeekau = ng/ﬁéekﬁe (7'2)

where we adopt as a convention that the summation runs only over nontilded
repeated indices. The K-valued coefficients x;4+¢ will determine the product
® among arbitrary elements of P in terms of the adopted bases (7.1). The
equations (7.2) are called the multiplication table, and the K-valued
coefficients x;4*¢ are called the multiplication constants of P under the chosen
bases. In terms of the multiplication constants, the g-commutativity and r-
associativity imply :

Xi8e = da,eX585° (g-commutativity)  (7.3)
Xletex et = rg g oxarexiarene  (r-associativity) (7.4)

Observe that the g-commutativity and r-associativity imply the existence
of the following constant applications, which we call g-commutator and r-
associator, respectively (They might be useful for defining the (I; g, r)-
graded algebra as the quotient of the nonassociative graded algebra by the
minimal ideals containing the g-commutators and r-associators):

[-,-]: PxXP- {0}
(Ba B2) = [Ba B2 := BaBz — g2 BiBa =0 (7.5)
(»): PXPXP— {0}
(Ba, Bz B2 = (Ba Bz, B2
:= BalBeB?) — 12, ABaB)Bz = O (7.6)

8. CONSISTENCY OF (I; ¢, )-GRADED ALGEBRAS

We discuss now the consistency of the (I; g, r)-graded parameter algebras
over K and provide a consistency property for group gradings. We demonstrate
first that every monomial (chain) of parameters built up through binary
products ® whose factors are clearly delimited by parentheses has a unique
result when certain conditions are given.

Definition. An (I g, r)-graded algebra is called consistent iff every
parameter monomial built up through binary products ® is invariant under
the g-commutation of factors and r-associative reordering of parentheses.
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Proposition 2. The result of a monomial of parameters built up through
binary products ® whose factors are delimited by parameters is unique if the
g-commutativity condition (7.3) and the r-associativity condition (7.4) are
fulfilled. Hence, every (I; g, r)-graded algebra is consistent.

Proof. We span each parameter (3; involved in the monomial in the
terms of the Hamel basis {€;} of P;: B; = c"e,~d. Then we can use recursively
the bilinearity of the ® products and the multiplication table (7.2) to transform
every product of the form B,8; into

BaB: = (cie)(c"e,) = cicXareey,,, 8.1

Now, each transformation which is done in the calculation using the g-
commutativity provides, according to equation (7.3),

BaB: = qaBiBa = c’jciqti.éxljggizzekaﬁ = cicljx{'cgl';éekaﬁ (8.2)

Hence, the usage of such reordering of factors at any stage of the calculation
does not modify the final result in terms of the Hamel basis.
Now, every factor of the form B;(B:87) can be transformed into

Ba(B:B2) = (c'e,)(c€)(c™e)) = cicxiateroxaise,,, .. (8.3)

The usage of the reordering of parentheses using the r-associativity provides,
according to (7.4),

Ba(BzBz

Ize, BB Bg

= cicic"* mavey favese
CCICTa,6,6Xigjz XmardkeSfavare

= c‘c’lc"kx{:?l‘;ﬁfxgggefﬂﬁc | @4
Hence, the usage of such reordering of parentheses does not modify the final
result of the monomial in terms of the Hamel basis.

Since every monomial can be constructed recursively from monomials
of lower orders and since the usage of g-commutation factors or r-associative
reordering of parentheses has no effect on the partial results, every monomial
is determined in an unambiguous way in terms of the Hamel bases. Accord-
ingly, the consistency to all orders is given by the validity of the conditions
(7.3)and (7.4). =

The questions are now:

*  Which are sufficient conditions on the g- and r-applications in order
to have nontrivial multiplication constants fulfilling (7.3) and (7.4)?
*  Which could be a functional relation of the multiplication constants
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in terms of the ¢- and r-applications in order to have conditions (7.3)
and (7.4) satisfied?

We consider first the case of an axial (I; g, r)-graded algebra, where
the ¢g- and r-applications are given by

qiE) = e¥ T (8.5)
TR G = e <O IEROE 8.6
We first adopt
WHE] = (g2 =) V2T g BHE] = o(UDI-EXE) o [A4E)
Xy — @RED) T 8z T € 8£1,14) ®.7)

Replacing this into (7.3), we conclude

B+E] = oA+E)
8iE1 — EELA 8.8)

We assume now, using equation (4.14), with R, := (rzz—z0 "',

[A+E]
PaLE 3.9)

Replacing the x’s in terms of the p’s in equation (7.4) and using (4.15),
we obtain

A+E) = R = =0 AVE] = o(w2)-EXE)?
8inE) — RAMEW 55 = €

[A+E+C), [E+C) — o [A+E], IA+E+C]

PuiE+aiPeLc) — P ErPu+E1C) (8.10)
A simple choice for the present case would be to take all the p constants
equal to 1. This choice gives a general solution for axial graded algebras,
provided adequate and fixed choices of the phases in (8.7) and (8.9) are

adopted.
Analogously, for an iterative (I g, r)-graded algebra, the choice
X5t = (@) P Re Pl 8.11)
Pt = Py ®.12)
phpiieE = PRl (8.13)

leads to the equations (7.3) and (7.4) for adequate and fixed choices of the
phases of the roots in (8.11), (4.14), and (4.15). The p-factors are called
branching constants and the conditions (8.12) and (8.13) [or (8.8) and (8.10)]
are called the branching conditions. The conditions (4.14)—(4.15) {or (3.28)-
(3.29)] of iterative group gradings are used to here to avoid the dependence
of the branching constants on the g- and r-factors.

For an (I; g, r)-graded algebra we have q,, € {+1, —1}. Since g54 =
—1 implies nilpotency, we should adopt
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le-iz': =1+ ';'(qe,c - 1)8jk85,6) Pg,:': (8.14)

We have then a recipe for constructing nontrivial iterative graded algebras:

Proposition 3. The iterative (1 g, r)-graded algebras over K are consistent
to every order if the structure constants are given by (8.11) for fixed choices
of phases of the roots that fulfill (4.14)—(4.15), and the branching constants
fulfill equations (8.12)—(8.14). This follows from proposition 2 and the con-
struction of structure constants above.

Definition. We call {P; +, ®, -} a quasi-isomorphically (I g, r)-graded
algebra over K iff:

(i) There are vector spaces P;, @ € J C I, such that the whole P is
generated through products @ of the vectors in the P;; @ € J U {6} (or in
the P;, a € J U J* U {5}, if P has involution).

(ii) The set J is a minimal basis that generates the whole group I through
group additions.

(iii) Every P,, @ € 1, is not trivial; i.e.,, P; # {0},d e L

Remark. An abelian-group ring is a trivial quasi-isomorphically graded
algebra if its addition is restricted to elements proportional to the same group
element and its ring is a field.

Definition We call a group grading (I; g, r) over K consistent iff there
exists a quasi-isomorphically (I; g, r)-graded algebra over K.

9. EXAMPLES OF (I; g, )-GRADED ALGEBRAS OVER C

We list now several (I; g, r)-graded algebras over C which are of interest
in mathematical physics.

Example 3. We consider first the simplest Z,-graded algebra over C:

bosonic basis {1}; S =0¢e7Z, 9.1)
fermionic basis {0} SO =1e7Z, 9.2)
P2 =P UP; = {yl:ye C}U {y8:y € C} 9.3)

This leads to a faithful, associative, commutative, iterative, quasi-
isomorphically (Z,; gZ2; r*2)-graded algebra over C when the multiplication
table in Table V is adopted.

Proposition 4. (Zy;, %% r®) is a consistent group grading over C. This
follows from P’'%2 being quasi-isomorphically graded.

Observe also that due to symmetry of the multiplication table, Table V,
P'% is commutative.
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Table V. Multiplication Table
of the Supergraded Algebra

p'%
) 1 0
1 1 0
0 0 0

Example 4. Consider the set of parameters P2 with Hamel basis:

bosonic basis: {1, 9,0,}; S(1) = 5(0,0,) =0 € Z, 9.4)
fermionic basis: {0, 0,}; S(0,) = S(0) =1 € Z, 9.5)

P2 =P UP; = {x1 +y0,0,:x,y e C} U {x0, + y0,: x,y € C}
9.6)

The algebra P?2 is a faithful, associative, not commutative, iterative, and
quasi-isomorphically (Z,; q%2; r%?)-graded algebra over C when the multipli-
cation table in Table VI is adopted.

It is easy to extend the construction to have a quasi-isomorphically
(Z,; ¢, r%2)-graded algebras over C with involution. This is actually the
underlying parameter structure of supersymmetry and superspace.

Example 5. We introduce an efficient recipe for determining the structure
constants of an axial grading instead of using the general recipe in (8.11)-
(8.13). We consider the following set of parameters, whose indices build a
minimal set that generates the whole group Z,, X Z4u:

{€:0 = €10), €2 = € 1y} 0.7
We construct a (Zsp X Zyp; qZINXZAA, r 248X Z4)-graded algebra over C

generating the further basis elements in terms of those given in (9.7):

Table VI. Multiplication Table of the Supergraded Algebra P%

o 1 8, 0, 8, 8,

1 1 6,6, 0, 6,
0,0, 0,0, 0 0 0

8, 8, 0 0 8,6
0, 6, 0 -0,0, 0
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€mm = (€no€o.m) = (€q,0)'(€pn)™ 9.8
We obtain easily the multiplication constants in this case by observing that

€n,mEr,m) = (€n,0€ 0,m)(€ (v, 0€ 0,m))

= pZaAXZ4A ( ZAAXZ4A )~ 1 Z4A><Z4A rZ4AXZ4A
(n,m),(n',0),(0,m")\" (n,0),(0,m),(n’,0) 4 0.m), (1,07 (n,0, (", 0), 0, m)

x -
X (’ﬁi‘.ﬁwf“ nll\od A,0),(0,m),(0, m’)) (E ((n+n’) mod 4A,0)€(0, ¢n+m*) mod 4A))

= +n’) mod 4A, ' 4A

= xﬁf,”,,,;' ()nff‘m,) (mdm) MOt 4 € (st mod 4 (m+me) mod 4A) 99

Using the definitions (5.4)—(5.5), we obtain an equation for the multiplica-
tion constants

((n+n') mod 4A,(m+m’) mod 4A)
X(n, m),(n’,m’)

= exp[ A (3nn'mm’ + nn'(m? + m'?) + (n? + n'>mm’ + mn }]
(9.10)

from which the g-commutativity and r-associativity conditions (7.3) and (7.4)
can be verified. Using this choice for A = 1, we obtain the multiplication
table in Table VII. Hence, the set

Table VII. Multiplication Table of PZ*%: (Z, X Z4; ¢Z*%, r2*%%).Graded Algebra

over C
b €€l €2 €3 €0 € €2 €3 €0 €1 €2 €3 €0 € €2 €3
€ € €1 €2 €p €0 €1 €2 €p €0 €1 €2 €3 €0 € €2 €
€, €l € €5 € €1 €0 €5 €2 €3 €2 €a €0 €2 €D TE€0 —&4
€52 €2 €53 €3 €41 ~€2 TE€ES TEHL €4l €zl €0 €3 €22 €3 €2 €51 €;0
€3 €3 €2 € € —€3 —€2 —€j1 —€z0 €2 €3 €0 €1 —€1 —€0 —€3 —€p
€30 €0 €4 €2 €7 €l € €5 € € €2 —€o0 —€3  ied —ieps —i€2 i€
€5 €1 €0 €3 €2 € €1 €2 €3 €3 €0 —€2 —€1 —iea e igy —iep
€2 €2 €2 €0 €1 —€3 —€2 —€n —€; —€2 —€) —€3 —€;  1€:0 —i€2 —ieps i€a
[¥] €3 €2 €58 €0 €2 —€P —€ —€j1 €0 —€3 € €2 —i€a i€y €0 —iea
€0 €0 —€3 €4 —€2 i€y i€g ieg —ig0 €2 € —€; —€3 €l —€2 €0 €3
€ €1 —€2 €0 —€3 ez —ig0 —iep  i€p € €2 —€3 —€1 —€3 T€H0 €0 €
€2 €2 —€1 €3 —€0 —i€0 i€g iep —ieg €1 €3 —€2 —€; €2 € —E€3 —€x0
€ €2 —€0 €2 €l i€a —ieg —ig0 e €3 € —€; —€p €0 €3 —€1 —€n
€0 €0 €2 —€3 —€1 —€) —€2 €0 €3 i€y —i€a —i€a i€ €3 —€ €z —€g
€t €1 €3 —€2 —€0 —€3 —€0 €2 €1 —i€2 €0 i€n —ieg  —€; €3 —€n €
€52 €2 €0 —€y —€P €2 €1 —€3 —€0 i€ —ien —ien iex  —€px € —€p €
€3 €3 €Ed —€0 —€g €0 €3 —€d —€2 —i€p len i€ —iep € €2 € —€n
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PUAZA = [ye;:y € Cand d € Zyp X Zyp} 9.11)

with the multiplication constants (9.10) constitutes a faithful, not associative,
not commutative, iterative, and quasi-isomophicaly (Zsz X Zgp; g =A" %A,
rZ4nxZan)-graded algebra over C.

Proposition 5. (Zap X Zsp; g7V %A, rZaaxZ4) is a consistent group
grading over C. This follows from the fact that a quasi-isomorphically (Zss
X Zgp; qZr*7Zan pZanxZar).graded algebra P74A%Z4A can be constructed.

It is easy to verify that the adopted multiplication constants fulfill (8.11)-
(8.14) One realizes as well that the choices of phases in (8.11) for the square
and quartic roots are all but trivial.

Example 6. We consider again a set of parameters carrying indices of
the group Z4y X Zsa:

(€0 = €0y €2 = €, } 9.12)

We construct a (Zsn X Zasp; q210<%74A, r@Dy.graded algebra over C in an
analogous way as we did in (9.8)—(9.10) for Example 5 above. The multiplica-
tion constants in this case become

Xgn;;.& m’:d) 4A(m+m')y mod 4A) — o (=imi2A)(mn,) (9.13)
from which the g-commutativity and r-associativity conditions (7.3) and (7.4)
can be verified. Using this choice of A = 1, we obtain the multiplication
table given in Table VIII. Hence, the set

PLAXZA = {yezy € Cand d € Zyp X Zyp} (9.14)

with the multiplication constants in equations (9.13) constitutes a faithful,
associative, not commutative, iterative, and quasi-isomophically (Zsx X
Zyn; qXr<7an r@idy.oraded algebra over C.

Proposition 6. (Zap X Zsp; 740774, r™D) is a consistent group grad-
ing over C. This follows from the fact that a quasi-isomorphically (Zss X
Zans qZn<Zan | pZan*Zan) oraded algebra P24AX %A can be constructed.

Example 7. We can consider the direct product of the Z,-graded algebras
and the Z, X Z,-graded algebras. These direct products provide a wide family
of parameters adequate for (I; g, r)-graded Lie algebraic extensions of the
Poincaré algebra in 3+1 space-time dimensions. According to Wills-Toro
(1995), we assign the indices (0, 8), (o, #*), (0, @), (0, %), respectively, to
the parameters ¢, x, y, z of the Minkowski space. The Poincaré transformations
use the same set of tilded indices as the spacetime coordinates. The Poincaré
generators leave invariant the multiplets, so the horizontal spacings in Tables
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Table VIII. Multiplication Table of PZ4*%; (Z, X Z,; ¢%*%, r™W).Graded Algebra

over C.

® | & € €2 €3 €L €1 €2 €2 €0 €1 €2 €3 €0 &l €2 €9

€ € €31 €2 €p €0 € €2 €3 €0 €1 €2 €3 €0 €1 €2  €p
€ | €n € €3 € € €0 €3 €2 €2 €2 €1 €0 €2 €3 €0 €
€2 | €2 €5 € € —€2 —€3 —€;0 —€; € €0 €3 €z —~€3 —€2 —€4 —E€gQ
€3 | en €2 €p €5 —€3 —€x —€5 —€z0 €2 €3 €0 €4l —~€5l —€0 —€3 —€2
€0 | €0 €4 €2 €2 €y € €3 € €1 €2 €0 €p €1 €3 €2  €x0
€5l €1 €0 €3 €2 € €1 €2 €3 €3 €0 €2 €5 €2 €0 €1 €2
€2 €2 €3 €0 €4 —€3 —€p —€j —€, €2 €1 €3 €0 —€:0 —€Q —€5 —e€g
€5 €3 €72 € €30 —€2 —€3 —€; —€; €0 €3 €5 ER —€3 —€: —€:0 —€x
€0 | €0 —€3 €1 —€2 —ieg i€a —i€g iep €2 €; —€y —€p ies —iep2 —ig0  i€p
€l | € —€2 €0 —€a3 i€ —€p0 i€y —ieg € €2 —€p —€y —iea € i€z —€n
€2 | €2 —€xn €3 —€0 g0 ~iep  iep —ien € €p —€2 —€; —iez iea i€pn —ie0
€3 | €3 —€0 €2 —€a —ieg i€y —i€w iep €3 €1 —€; —€p g0 —ies ~ien i€z
€0 | €0 —€2 €3 —ep ies ~ig2 i€ —ies €1 €3 —€2 —€0 —iep i€, e —iey
€ € —€3 €2 —€0 —ig3 i€ —i€2  lex €2 €0 —€x —€A ie; lep —iey iep
€2 | €2 —€0 €4 —€a ie2 ~ieq i€a —igq0 €0 €2 —€3 —€) —iep ien iep —ie;
€3 | €3 —€4 €0 —€p  —i€0  i€s —ieq €2 €3 €5 —€;0 —€2 iep —iep —ie; iep

I, 1V, VII, and VIII determine four classes of multiplets. The Z, factor
determine, the commutativity (g;, = 1) or anticommutativity (g,; = —1)
of a parameter with itself, and we call this behavior respectively self-bosonic
and self-fermionic. The parameters associated with self-fermionic multiplets
carrying indices of the sets {(1, a*): 0. = 0, 1, 2, 3}, {(1,&): . =0, 1, 2,
3, (4, é@): w=0,1,2, 3} and {(1, ): pn = 0, 1, 2, 3} are called,
respectively, O-class, 1-class, 2-class, and 3-class of self-fermionic parameters.
They resemble several features of quarks. For instance, one can obtain a self-
fermionic parameter of the O-class by a cubic product involving factors of
each one of the remaining three classes, in analogy to the composition of a
baryon fermion through a triple of quarks of different colors. This is the
parameter counterpart of the composition of susy generators through the
iterated Lie products of three generators. This is the subject of a forthcoming
paper on extended superspace (Wills-Toro, 1997).

Notice that intricate Z, X (Z, X Z,)-graded algebras (with or without
involution) might exist that cannot be written as direct products of Z,- by
Z4 X Z4-graded algebras.

10. GROUP GRADED OPERATOR ALGEBRAS

To each parameter B; € P of an (I; ¢, r,)-graded algebra over K we can
associate an operator Lg,, which means “left product by B,.” We can as well
define an operator Ry, which means “right product by $,":
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Lg,(B2) := (BaBz (10.1)
Rg, (B2 = (BiBa) (10.2)

The composition of applications Lg,, and Lg',, is not necessarily equivalent
to another application of the type L,,,, unless the algebra is associative:

Lg,Lg (B2 = Ba(B:B2) = raeadBaB2)Bz = Liy, 3 (Bn)  (10.3)
Lo Ly sB2) = BaBIBY) = ras dBBIBY = Ly, o B)  (104)

L # L unless ryz; = r4ec (10.5)

,
ra,e,aBaB ¢ ra,e,cBaB’s

We define a further binary composition “@” of operators
Ly, @ Ly, = Ly, (10.6)
which satisfies

LgLg', # Lg, @ Ly,  unless associative parameters (10.7)
Los @ Ly, = qacly, O L, (10.8)
L, @ Ly, D Lg') = razdlp, @ Ly,) O Ly, (10.9)

In the case in which the parameter algebra is associative, we can interpret
the parameter algebra itself as a linear category of multiplications from the
left (or from the right). Remark: The question of constructing a time-evolution
operator (whose composition with the observables provides time-translated
observables fulfilling covariant algebraic relations) is guaranteed by the choice
of the neutral index for the time parameters and for the time-translation
generator.

We will define objects called operators which generalize the above-
introduced operators and their compositions.

11. I-GRADED OPERATOR ALGEBRA OVER K

Definition. We call {T; +, <, -} an I-graded operator algebra over
the field K iff T is a set whose elements are called operators, 0 € T, T #
{0}, and {I; A} is a group fulfilling the following three axioms:

Axiom 1. There exists an application S, that assigns an index of I to
each element of T\{0}. The index set I is generated by the set S, (T\{0})
through group operations. The subsets T, of preimages of each 4 € I with
the null element 0 € T build vector spaces over K:
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S T{0} > I, Y, S(Yp)=a (11.1)

1 is generated by S(T\{0}) (11.2)

T, = S;7Wa@) U {0}; {T; +, -} vector space over K (11.3)
{0} #T= aLeJx T, (11.4)

Axiom 2. The product “<” is a closed binary I-graded operation in T:
O: TXT-T; Yz Yo = Y;0Y; € T (closure) (11.5)
T;0 T, C Ty (I-grading) (11.6)

Axiom 3. The product “<{” is bilinear with respect to the operations
defined in each vector space T, C T, ie., forall Y, Y',, Y; e T,y € K:

Y, 0 (Y;:+yYD=Y; O Y, +yY; O Y; avmn
o+ O Ya=Y:0Y,+yY: 0 Y, (11.8)

We can define a Hamel basis for each nontrivial T, C T, 4 € L

(Vo ={V,si=1,...,dimT,} Hamel basis for T, # {0}
(11.9)

According to (11.6), we can write

VaO V, = Cfgjf\:VkW (11.10)
where, again, summation over repeated nontilded indices is assumed. The
K-valued numbers Cf-‘j;;" are called the structure constants of the I-graded

operator algebra over K. Equations (11.10) constitute the multiplication table
of T under the bases (11.9).

Definition. Let {T; +, ¢, -} be an I-graded operator algebra over K.
We call T:
associative iff for all Y;, Y7, Y7, € T

Y0 X0 YD) =20 YY) O Y=Y, 0 Y; O Y; (11.11)

with unit 1, iff there exists a unique 1, € T,, & the neutral element of I, such
that forall Y, e T

Y,0L,=1,0Y,=Y, (11.12)

q-(anti)symmetric iff additionally (I; g, r) is a faithful iterative group grading
overKandforall Y, Y, e T
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Yz O Y:= ()Y O Y, (11.13)

g-Jacobi (anti)associative iff (I;q, r) is a faithful associative iterative group
grading over K and for all Y, Y;, Y7, € T

Yo O (Yo 0 YY) =(Ya O Yo) O Yo+ (—)ga.Y: © (Yo 0 Y5
(11.149)

r-associative iff (I; g,r) is a faithful iterative group grading over K and for
all Y, Y5, Y5 e T

Yo 0 (X0 YD) =raacdYa O YD) O Y; (11.15)

(g, r)-Jacobi (anti)associative iff (I, g, r) is a faithful iterative group grading
over K and for all Y, Y}, Y7, € T

Y O (Y;: 0 Yy = rd,é,E(Yii O YY) O Y:
+(_)ra,e',6‘1ﬁ.é"é_,‘lz,eye’? O (Y; O YD) (11.16)
In terms of the structure constants:

» The associativity implies

ClamniCriy = CliClnze (11.17)
¢ The g-(anti)symmetry implies
Cf‘fj’f = (_)Qa,aclj-;{f (11.18)

» The g-Jacobi (anti)associativity implies

farenc Clene = (CMane (CJanene — _CJareac Crane
Cia;;?/\,;* Cjé/’:z Ciaié ¢ ;\Aézf‘ +( )qa’ecjé"d/\fcidk:’ (11.19)

* The r-associativity implies
Claare Clene =y, , C™are Clarens (11.20)

iglene ~ Jeke iaje ~ manke
* The (g, r)-Jacobi (anti)associativity implies
Janere Clene = mane Clarene 4 (— —1 Cfanene Chare
CiﬁléAc' Cjakf ra’e’fciafé C"Ia/\e'ké ( )ra’é'fqa'eré’d’écféna/\fCidké

(11.21)

Observe that an (I; g, r)-graded algebra over K is just an I-graded
operator algebra over K for which (I; g, r) is a group grading over K and
whose product is g-symmetric and r-associative.

12. MIXING PARAMETERS AND OPERATORS

We want to introduce a particular requirement on the composition *“”
of {T; +, o, -}, an I-graded operator algebra over K. We require that the set
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Ly of left multiplications by parameters of P, a faithful iterative (I; g, r)-
graded parameter algebra over X, is in T:

Lp={Lg;: B, P} CT (12.1)

[T 1)
‘o

We require as well that the composition restricted to Lp X Lp coincides
with the composition “@” of left products defined in (10.6):

°olip = Dl (12.2)

Finally, we require that the composition “=” between an operator and an
element of Lp fulfills g-symmetry:

LBE ° Yé = qd,EYé ° LBd fOI' all LBﬁ’ Yg € T (12.3)

Definition. We call Lp, ° T, a linear hull iff it is the set of all finite
linear combinations of elements of the form Lg, ° Y, € T:

Lp,oT; = {Lgo o YO + -+ + Lggn o Y

BY, ..., BP e P, and Y®,...,YP e T,} (124)
Obviously, Lp, ° T; C T,,., and

{Lp,° T +, -} vector subspace over K of T,,, (12.5)

We observe now that for 4, the neutral element of I, the vector space is
closed under the composition “~”; hence

{Ts +,°ly2, -} algebra over K (12.6)

The sets Lp_, © T;, @ € I, are vector subspaces of T, Moreover, we can
consider the set

(Lp°T); = KELEJI Lp_,°oT; = {Lat) o YV + oo + Ly o YI:

BY, ..., e P and YP, ..., Y® e T} (12.7)
Obviously, the set (Lp ¢ T), C T; and constitutes a vector space:
{(LpoT)s; +, -} vector subspace over K of T, (12.8)

We consider now sufficient conditions on a composition “ ¢ ” among operators
in order to have (Lp o T), an algebra over K. We assume for instance
the requirement

(Lg_,° Yo O (Lgz° Yo)
=r_s-aa-s-aaela, O La_) oYz O Y}) € LpoT), (12.9)
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It is easy verify that when (12.9) holds and “<” is an internal operation in
T, we have

{LpoT)s +, &, -} algebra over K (12.10)

We study now the constraints of the algebra (Lp © T); in order to arrive at
a relation to Lie algebras.

13. GROUP GRADED LIE ALGEBRAIC STRUCTURES

We want to construct now a particular subalgebra of the algebra {(Lp° T),;
+, O, -} considered in the previous section. In particular, we address the case
in which the composition “ ¢ builds a Lie algebraic substructure that clearly
delimits the mixture between elements of L and a set of operators L C T.

We consider a subset (Lp o L) of the algebra {(Lp°T);; +, <, +} such that

L=U@L)CT (13.1)

del
{Ls +, -} vector subspace over Kof T;, d el (13.2)
Let {oA; +,[-,-],-} be aLie algebra over K. ThenforallX, ¥, Z € &, a € K,

[#; +, -] vector space over K (13.3)
[4,A]C A (closure) (134

X+ oY, Z] = [X, Z] + alY, Z] (linearity) (13.5)
X, Y] = —[Y, X] (antisymmetry) (13.6)

(X, [y, Z]] = [[X, Y], Z] + (Y. [X, Z]] (Jacobi associativity) (13.7)

We ask now for sufficient requirements on the set L and P in order to have
{Lp ° L); +, [, -], -} a Lie algebra over K, where

[ 1= Ol (13.8)
[.1= o (13.9)
Hence, the closure (13.4) follows from (12.9):
[Lg_;° Ya Lz, ° Y]
= repad aae g o [Ya Yil € UpoL),  (13.10)

The adoption of a commutator of the form (3.27) in (13.10) is allowed by
the condition on the g- and r-factors in (3.24), which is satisfied by iterative
group gradings. The linearity (13.5) follows from the linearity of the composi-
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tion “¢” of the algebra {(Lp © T); +, ¢, -} over K. The antisymmetry
(13.6) implies

[Le_,° Yo Lg oYl = —[Lg.,° Ys La_,° Y,) (13.11)

This condition can be supplied by adopting (-, ‘]| to be a g-antisymmetric
operation in L:

[Yo Y = —q,.0Y: Y (13.12)

From the Jacobi associativity requirement (13.7) together with the
assumptions (12.2) and (13.10) and the conditions on the g- and r~factors in
(3.26), which are satisfied by the faithful iterative group grading (L, ¢, r)
over K, we obtain the (g, r)-Jacobi associativity of [, -J:

[[Ydi ﬂYé‘, g]m = rﬂ,é',é‘ [[[[Yd’ Yé']m, Y(':‘{n
+ rd,é.fqd,éré_,(li,f Y [Ya Y2 (13.13)
This construction leads to the definition of the following structure:

Definition. We call {L; +, [-, -]} an (1, g, )-graded Lie algebra over
Kiff 0 e L # {0}, {; g, r) is a faithful iterative group grading over K, and
there is an application S;; L\{0} — I such that the following five axioms
are fulfilled:

Axiom 1. The application S, assigns an index of I to each element of
L\{0}. S,(I\{0}) generates the whole group I. The sets L, of preimages of
each @ € T with the null element 0 € L are vector spaces over K:

Sy L0} > L Q;~ S(Q)=ad (13.14)

Iis generated by S(I\{0}) (13.15)

L,=8;71@ U {0}; {Lgs +,-} vector space over K (13.16)
L= aLejl (Ly) # {0} 13.17)

Axiom 2. The product {-, -] is a closed binary 1-graded operation in L:

[ LXL-L (QsQ2) - [0 Qi L (13.18)
[La Ll C Lave  (13.19)

Axiom 3. The product [-, -] bilinear with respect to the addition operation
defined in each vector space L, C L, i.e, for all Q;, O}, Q7 € L,y € K,
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[Qs Q: + yQ- 2l = [Qa Q.+ }’IIQa, Q; (13.20)
[Q: + y0z, Qdl = [Q:. Qdl + Q% Qd (13.21)

Axiom 4. The product [+, -] is g-antisymmetric, i.e., for all @, @; € L:
[0, @ = —qa,EIIQé, Q4 (13.22)

Axiom 5. The product [-, -] is (g, r)-Jacobi associative, i.e., for all
Qs Q0 Qz € Lt

10 [Q:. odl = ra,e,alﬂ[Qa: Q. oA+ rd,é,c’qd,éré—,zli,EIIQé’ Q. @
(13.23)

Observe that an (I; ¢, r)-graded Lie algebra over K is just an I-graded
operator algebra over K for which (I; g, r) is a faithful iterative group grading
over K, and whose product is g-antisymmetric and (g, r)-Jacobi associative.

Proposition 7. If {L; +, [-, -], -} is an (I; g, r)-graded Lie algebra over
K and {P; +, ®, -} is a faithful iterative (I; g, r)-graded parameter algebra
over K and (13.10) holds, then (Lp © L), is a Lie algebra over K. This follows
from the construction above.

The Lie group whose Lie algebra is (Lp © L), has elements of the form
(2.3) in which we replaced the operator “multiplication from the left by a
parameter” by the parameter itself. This structure generahzes the concept of
symmetry transformations and invariance and was the aim of this study.

Definition. {L; +, [, -, -} is called an (I; g, r)-graded Lie algebra over
K with involution iff the following extra axiom is fulfilled.

Axiom 6. There exist involutions (-)*, (-)*, and (*) in I, K, and L
respectively, such that (I; g, r) is a group grading with involution, and

(0. = y*0r* (13.29)
(2. 2:D = [0+, 01 (13.25)

Observe that the g-commutator defined by
[0s Qi = Qa° Q: — 92,Q: ° Ca (13.26)

provides a model for the “[-, -["-product of the (I; g, r)-graded Lie algebras
as long as the “o”-product is r-associative.
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14. CONCLUSIONS

The construction above has settled a structure of a continuous group of
transformations which involve noncommutative and nonassociative parame-
ters. It has determined the corresponding graded parameter algebra and graded
Lie algebraic structure. An appropriate superspace formalism has been made
possible. The novel structures might allow for a better understanding of the
Lie groups and their relation thorough graded extensions, and suggest a tool
for involving discrete transformations in a Lie algebraic language.

The definition of graded Lie algebras with involution provides a powerful
realm for building generalized external symmetries beyond supersymmetry.
The presented examples of graded algebras of parameters are the basis for
an extended superspace. This line of research might lead, on the one hand,
to a better understanding of the relation among the internal and external
symmetries of the phenomenological models, and on the other hand, it might
lead to models of local external symmetry that offer better understanding of
the connection between gravity and quantum physics.
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